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We prove estimates for the number of self-reciprocal monic irre-
ducible polynomials over a ﬁnite ﬁeld of odd characteristic, that
have the t lower degree coeﬃcients ﬁxed to given values. Our esti-
mates imply that one may specify up to m/2− logq(2m) − 1 values
in the ﬁeld and a self-reciprocal monic irreducible polynomial of
degree 2m exists with its low degree coeﬃcients ﬁxed to those
values.
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1. Introduction
Let q be a prime power and let Fq be the ﬁnite ﬁeld with q elements. For any n ∈ N, we denote
by In the set of monic irreducible polynomials in Fq[X]. It is well known that the cardinality of In ,
denoted by πq(n), is roughly qn/n. It is of interest, both from a theoretical and a practical point of
view, and has been the topic of an active line of research, to compute the cardinalities of various
subsets of In . Perhaps the earliest result along these lines is Dirichlet’s theorem for primes in arith-
metic progression for Fq[X], see [22]. Dirichlet’s theorem, applied with modulus Xt , implies that the
number of monic irreducibles of degree n with the coeﬃcients of the t lowest degree terms ﬁxed
to given values (the constant term being non-zero) is approximated by πq(n)/Φ(Xt), where Φ(·) is
Euler’s totient function deﬁned in Fq[X] as Φ(F ) = #(Fq[X]/FFq[X])∗ . It should be noted that results
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less than n/2.
Dirichlet’s theorem has been the starting point for an area of research that has been very active
during the past thirty years. For instance, irreducible polynomials with prescribed coeﬃcients [1,13,
14,16,17,23], and primitive and/or normal polynomials with prescribed coeﬃcients [5–12] have been
the focus of substantial research.
Irreducible polynomials with additional properties have attracted considerable attention. One class
of irreducibles of particular interest has been that of self-reciprocal, monic irreducibles, that is, monic
irreducibles P that satisfy P (X) = Xdeg(P )P (1/X). The reader is referred to [15,18] for their applica-
tions in coding theory, to [21] for their connection to combinatorics and to [4,19] for their use in the
construction of certain inﬁnite extensions of Fq . Due to their applications, self-reciprocal irreducible
polynomials have been studied extensively. In particular, it has been shown that all self-reciprocal
monic irreducible polynomials have even degree and their number has been computed in [2,3,20].
The subject of the present work is to study the distribution of self-reciprocal monic irreducible
polynomials. More precisely, given t values in Fq we compute the number of self-reciprocal monic
irreducibles of degree 2m in Fq[X] with the t low degree coeﬃcients ﬁxed to the given values. We
note that the constant term is necessarily ﬁxed to 1. Our approach is based on the work of Carlitz [2].
2. Auxiliary lemmata
Let p be an odd prime, e  1 and q = pe . We let A = Fq[X] be the polynomial ring over Fq . For
m ∈ N, we denote by Im the set of monic irreducible polynomials in A of degree m. For a polynomial
F ∈ A, we denote the coeﬃcient of Xi by Fi .
Lemma 1. Let P ∈ Im, m 2, and let P˜ = 1P0 XmP ( 4X ). Then P˜ ∈ Im and P˜ = P .
Proof. Let P (X) =∑mi=0 Pi Xi , where Pm = 1 since P is monic. Then
P˜ =
m∑
i=0
4i P i
P0
Xm−i =
m∑
i=0
4m−i Pm−i
P0
Xi . (1)
Clearly, P˜ is monic. If β is a root of P˜ , then β = 4/α, where α is a root of P . Therefore, Fq(α) = Fq(β)
and P is irreducible if and only if P˜ is irreducible. Finally, P˜ is monic irreducible of degree m and if
γ is one of its roots, then γ = 4/β = α. It follows that P˜ = P . 
The polynomial P˜ has the following important property: it can be easily determined whether or
not it is a square modulo X2 − 4 based on whether P is a square modulo X2 − 4. We denote by
(·|X2 − 4) the Legendre symbol modulo X2 − 4 for the ring A.
Lemma 2. Let P ∈ Im, m 2. Then the following hold.
1. If q ≡ 1 (mod 4) or m is even then (P |X2 − 4) = ( P˜ |X2 − 4).
2. If q ≡ 3 (mod 4) and m is odd then (P |X2 − 4) = −( P˜ |X2 − 4).
Proof. Let α be a root of P and β = 4/α be a root of P˜ . The quadratic reciprocity law for A [22,
Ch. 3] implies that (P |X2 − 4) = (X2 − 4|P ). Further, (X2 − 4|P ) = 1 if and only if α2 − 4 = δ2 for
some δ ∈ Fq . The same reasoning, applied to P˜ shows that ( P˜ |X2 − 4) = (X2 − 4| P˜ ). Furthermore,
(X2 − 4| P˜ ) = 1 if and only if β2 − 4 is a square in Fq . We compute
β2 − 4 = 4
2
α2
− 4 = − 4
α2
(
α2 − 4)= −(2δ
α
)2
.
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m is even. 
For an abelian group H , we denote by Ĥ the dual of H , that is, the group of characters of H . In
particular, given a polynomial F ∈ A, and taking the group H = (A/FA)∗ , we note that the dual of H
is essentially the group of Dirichlet characters modulo F . We will make use of the following simple
lemma in Section 4.
Lemma 3. Let F ,G ∈ A be co-prime polynomials. The map
θ :
(̂
A
FA
)∗
×
(̂
A
GA
)∗
−→
̂( A
F GA
)∗
(χ,ψ) → χψ,
where χψ( f mod FG) = χ( f mod F ) · ψ( f mod G), is a group isomorphism.
Proof. The statement follows easily from the isomorphism of the Chinese Remainder Theorem
(A/FGA)∗ → (A/FA)∗ × (A/GA)∗ . 
3. Outline of method
It is well known, see [2], that every monic self-reciprocal irreducible polynomial has even de-
gree and is of the form Q (X) = XmP (X + X−1), where P is a monic irreducible of degree m such
that X2 − 4 is a non-square modulo P . The last condition can be written as (X2 − 4|P ) = −1, us-
ing Legendre’s symbol. Conversely, given a monic irreducible polynomial P of degree m, that satisﬁes
(X2 − 4|P ) = −1, the polynomial Q (X) = XmP (X + X−1) is a monic, irreducible, self-reciprocal poly-
nomial of degree 2m. Accordingly,
#{Q ∈ I2m: Q is self-reciprocal } = #
{
P ∈ Im:
(
P |X2 − 4)= −1},
where we used the fact that (X2 − 4|P ) = (P |X2 − 4). Our goal is to estimate
#{Q ∈ I2m: Q is self-reciprocal and Q i = ci, i = 1, . . . , t},
where Q =∑2mi=0 Q i Xi and c1, . . . , ct ∈ Fq are ﬁxed values.
It is clear that the coeﬃcients of Q depend linearly on the coeﬃcients of P . The next lemma
makes this dependence explicit.
Lemma 4. Let P =∑mi=0 Pi Xi and Q =∑2mi=0 Q i Xi be two polynomials in A satisfying Q = XmP (X + X−1)
and t ∈ N, 1 t m− 1. Then there exists a lower triangular matrix U ∈ SLt(Fq) with all the elements in the
diagonal equal to 1, such that
(Q 0, Q 1, . . . , Qt)
T = U · (Pm, Pm−1, . . . , Pm−t)T .
Proof. Let P =∑mi=0 Pi Xi =∑mi=0 ai Xm−i . Then
Q = Xm
m∑
i=0
ai
(
X + X−1)m−i = m∑
i=0
ai X
i(X2 + 1)m−i = m∑
i=0
ai X
i
m−i∑
j=0
(
m − i
j
)
X2 j
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∑
0im
0 jm−i
(
m − i
j
)
ai X
i+2 j =
2m∑
k=0
( ∑
0im
0 jm−i
k=i+2 j
(
m − i
j
)
ai
)
Xk.
It follows that
Qk =
∑
0im
0 jm−i
k=i+2 j
(
m − i
j
)
ai, 0 k 2m. (2)
It is easy to see that Qk is a linear combination of a0, . . . ,ak and the coeﬃcient of ak is
(m−k
0
) = 1.
The statement of the lemma follows once we substitute Pm−i for ai and consider the ﬁrst t + 1
equations. 
Lemma 5. Let m 2, t ∈ N, 1 t m − 1 and c1, . . . , ct ∈ Fq. Then
#{Q ∈ I2m: Q is self-reciprocal and Q i = ci, i = 1, . . . , t}
=
∑
c∈F∗q
#
{
P ∈ Im:
(
P |X2 − 4)= ε, P0 = 4m
c
, Pi = c
′
i4
m−i
c
, i = 1, . . . , t
}
,
where (1, c′1, . . . , c′t)T = U−1(1, c1, . . . , ct)T , U is the matrix of Lemma 4 and
ε =
{−1, if q ≡ 1 (mod 4) or m ≡ 0 (mod 2),
1, if q ≡ 3 (mod 4) and m ≡ 1 (mod 2).
Proof. From Lemma 4 and the discussion preceding it, it follows that
#{Q ∈ I2m: Q is self-reciprocal and Q i = ci, i = 1, . . . , t}
= #{P ∈ Im: (P |X2 − 4)= −1, Pm−i = c′i, i = 1, . . . , t}. (3)
We partition the set on the right-hand side as
{
P ∈ Im:
(
P |X2 − 4)= −1, Pm−i = c′i, i = 1, . . . , t}
=
⋃
c∈F∗q
{
P ∈ Im:
(
P |X2 − 4)= −1, P0 = c, Pm−i = c′i, i = 1, . . . , t}. (4)
Let now
Ac =
{
P ∈ Im:
(
P |X2 − 4)= −1, P0 = c, Pm−i = c′i, i = 1, . . . , t}
and
Bc =
{
P ∈ Im:
(
P |X2 − 4)= ε, P0 = 4m
c
, Pi = c
′
i4
m−i
c
, i = 1, . . . , t
}
,
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The same is true for the sets Bc , c ∈ F∗q . We claim that for every c ∈ F∗q , the map
ϑ :Ac −→ Bc
P → P˜
is a bijection. Indeed, from Lemma 1 follows that ϑ(P ) = P˜ ∈ Im and from Lemma 2 follows that
( P˜ |X2 − 4) = ε. Finally, Eq. (1) shows that the coeﬃcients of P˜ are as required. This shows that the
map is well deﬁned. To prove it is injective, note that ϑ(P1) = ϑ(P2) implies P˜1 = P˜2. Applying
ϑ again and using Lemma 1 we obtain P1 = P2. Surjectivity follows from the observation that for
P ∈ Bc , P˜ ∈ Ac and ϑ( P˜ ) = P , that is, ϑ is its own inverse.
From Eq. (3), Eq. (4) and the fact that ϑ is bijective, we obtain
#{Q ∈ I2m: Q is self-reciprocal and Q i = ci, i = 1, . . . , t} =
∑
c∈F∗q
#Bc,
and the proof is complete. 
Lemma 5 reduces our problem to that of estimating the cardinality of a set of the form
{
P ∈ Im:
(
P |X2 − 4)= ε, Pi = ci, i = 0, . . . , t},
for any c0, . . . , ct ∈ Fq , c0 = 0. Note that for ﬁxed values ci , i = 0, . . . , t , we have
{
P ∈ Im:
(
P |X2 − 4)= ε, Pi = ci, i = 0, . . . , t}
= {P ∈ Im: (P |X2 − 4)= ε, P ≡ C (mod Xt+1)},
where C = ct Xt + · · · + c1X + c0 ∈ A. We denote πq(m) = #Im ,
πq(m,C, ε) = #
{
P ∈ Im:
(
P |X2 − 4)= ε, P ≡ C (mod Xt+1)},
and
πq(m, ε) = #
{
P ∈ Im:
(
P |X2 − 4)= ε}.
4. Main result
Let M ∈ A be a polynomial of degree k and suppose ρ is a non-trivial Dirichlet character mod-
ulo M . The Dirichlet L-function associated with ρ is deﬁned to be
L(s,ρ) =
∑
F
ρ(F )
|F |s , 	(s) > 1,
where |F | = qdeg(F ) and the sum is over monic polynomials in A. Making the substitution u = q−s ,
we have
L(s,ρ) = L(u,ρ) =
∞∑
n=0
( ∑
deg(F )=n
ρ(F )
)
un.
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an Euler product,
L(u,ρ) =
∞∏
d=1
∏
deg(P )=d
(
1− ρ(P )ud)−1.
Taking the logarithmic derivative of L(u,ρ) and multiplying by u, we obtain a series
∑∞
n=1 cn(ρ)un ,
with
cn(ρ) =
∑
d|n
n
d
∑
deg(P )=n/d
ρ(P )d. (5)
Weil’s theorem of the Riemann hypothesis for function ﬁelds implies that
∣∣cn(ρ)∣∣ (k − 1)q n2 . (6)
For a detailed account of the above well known facts, see [22, Ch. 4].
Consider now the quadratic Dirichlet character modulo X2−4, ψ(F ) = (F |X2−4), for F ∈ A. In [2],
Carlitz computed the number of self-reciprocal monic irreducibles in A using the Dirichlet L-function
associated with ψ .
Let χ be a Dirichlet character modulo Xt+1. Since (Xt+1, X2 − 4) = 1, Lemma 3 applies, and
there is a non-trivial Dirichlet character modulo Xt+1(X2 − 4), which we denote by χψ such that
χψ(F ) = χ(F )ψ(F ). In our case, it is natural to consider the L-function associated with the Dirichlet
character χψ . We use the notation L(u,χ,ψ) for L(u,χψ) and cn(χ,ψ) for cn(χψ).
Applying Eq. (5) and Eq. (6) with ρ = χψ , we obtain
cn(χ,ψ) =
∑
d|n
n
d
∑
deg(P )=n/d
χψ(P )d (7)
and
∣∣cn(χ,ψ)∣∣ (t + 2)q n2 . (8)
Eq. (6), applied with ρ = χ , for a non-trivial character χ , yields
∣∣cn(χ)∣∣ tq n2 , for χ = χo. (9)
Proposition 1. Let χ be a non-trivial Dirichlet character modulo Xt+1 . Then the following bounds hold:
1. For every n ∈ N, n 2, ∣∣∣∣ ∑
deg(P )=n
ψ(P )=−1
χ(P )
∣∣∣∣ t + 5n q n2 .
2. For every n ∈ N, n 2, n odd, ∣∣∣∣ ∑
deg(P )=n
ψ(P )=1
χ(P )
∣∣∣∣ t + 5n q n2 .
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cn(χ,ψ) =
∑
d|n
d odd
n
d
∑
deg(P )=n/d
χ(P )dψ(P ) +
∑
d|n
d even
n
d
∑
deg(P )=n/d
χ(P )d
=
∑
d|n
d odd
n
d
∑
deg(P )=n/d
ψ(P )=1
χ(P )d −
∑
d|n
d odd
n
d
∑
deg(P )=n/d
ψ(P )=−1
χ(P )d
+
∑
d|n
d even
n
d
∑
deg(P )=n/d
χ(P )d
=
∑
d|n
d odd
n
d
∑
deg(P )=n/d
χ(P )d − 2
∑
d|n
d odd
n
d
∑
deg(P )=n/d
ψ(P )=−1
χ(P )d
+
∑
d|n
d even
n
d
∑
deg(P )=n/d
χ(P )d
=
∑
d|n
n
d
∑
deg(P )=n/d
χ(P )d − 2
∑
d|n
d odd
n
d
∑
deg(P )=n/d
ψ(P )=−1
χ(P )d.
By deﬁnition
cn(χ) =
∑
d|n
n
d
∑
deg(P )=n/d
χ(P )d
and we denote
en(χ,ψ,−1) =
∑
d|n
d odd
n
d
∑
deg(P )=n/d
ψ(P )=−1
χ(P )d,
so that
cn(χ,ψ) = cn(χ) − 2en(χ,ψ,−1).
From Eq. (8) and Eq. (9) it follows that
∣∣en(χ,ψ,−1)∣∣ (t + 1)q n2 , for χ = χo. (10)
Furthermore,
en(χ,ψ,−1) = n
∑
deg(P )=n
ψ(P )=−1
χ(P ) +
∑
d|n
d odd
n
d
∑
deg(P )=n/d
ψ(P )=−1
χ(P )d.d>1
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∣∣∣∣ ∑
d|n
d odd
d>1
n
d
∑
deg(P )=n/d
ψ(P )=−1
χ(P )d
∣∣∣∣ ∑
d|n
d odd
d>1
n
d
∑
deg(P )=n/d
ψ(P )=−1
1
n/3∑
j=1
j
∑
deg(P )= j
1,
and using the fact that
∑
deg(P )= j = πq( j) q j/ j + 3q
j
2 /2 for q 3, we have
n/3∑
j=1
j
∑
deg(P )= j
1
n/3∑
j=1
(
q j + 3 j
2
q
j
2
)
 q
q − 1
(
q
n
3 − 1)+ 3
2
n
3
n/3∑
j=1
q
j
2
 3
2
q
n
3 + 3n
2
q
n
6 ,
where we used the fact that q/(q − 1) 3/2 and √q/(√q − 1) 3 for q 3. Since 3q n3 /2 2q n2 and
3nq
n
6 /2 2q n2 for every q 3 and n 2, we obtain
∣∣∣∣ ∑
d|n
d odd
d>1
n
d
∑
deg(P )=n/d
ψ(P )=−1
χ(P )d
∣∣∣∣ 4q n2 .
From this bound and Eq. (10) it follows that
∣∣∣∣ ∑
deg(P )=n
ψ(P )=−1
χ(P )
∣∣∣∣ t + 5n q n2 . (11)
For n odd, we have
cn(χ,ψ) =
∑
d|n
n
d
∑
deg(P )=n/d
χ(P )dψ(P )
=
∑
d|n
n
d
∑
deg(P )=n/d
ψ(P )=1
χ(P )d −
∑
d|n
n
d
∑
deg(P )=n/d
ψ(P )=−1
χ(P )d
= 2
∑
d|n
n
d
∑
deg(P )=n/d
ψ(P )=1
χ(P )d −
∑
d|n
n
d
∑
deg(P )=n/d
χ(P )d.
Denoting
en(χ,ψ,1) =
∑
d|n
n
d
∑
deg(P )=n/d
ψ(P )=1
χ(P )d,
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cn(χ,ψ) = 2en(χ,ψ,1) − cn(χ).
It follows that
∣∣en(χ,ψ,1)∣∣ (t + 1)q n2
and ∣∣∣∣ ∑
deg(P )=n
ψ(P )=1
χ(P )
∣∣∣∣ t + 5n q n2 . 
Proposition 1 can be used to obtain estimates for πq(n,C,−1).
Theorem 1. Let q be a power of an odd prime and C ∈ A, co-prime to X of degree at most t. Then the following
bounds hold:
1. For every n ∈ N, n 2, ∣∣∣∣πq(n,C,−1) − 1Φ(Xt+1)πq(n,−1)
∣∣∣∣ t + 5n q n2 .
2. For every n ∈ N, n 2, n odd,∣∣∣∣πq(n,C,1) − 1Φ(Xt+1)πq(n,1)
∣∣∣∣ t + 5n q n2 .
Proof. For ε ∈ {−1,1}, we have
πq(n,C, ε) =
∑
deg(P )=n
ψ(P )=ε
1
Φ(Xt+1)
∑
χ
χ(P )χ¯ (C)
= 1
Φ(Xt+1)
∑
χ
χ¯(C)
∑
deg(P )=n
ψ(P )=ε
χ(P ),
where Φ is Euler’s totient function on the ring A. Separating the term corresponding to χo we have
πq(n,C, ε) = 1
Φ(Xt+1)
πq(n, ε) + 1
Φ(Xt+1)
∑
χ =χo
χ¯ (C)
∑
deg(P )=n
ψ(P )=ε
χ(P ),
and we obtain ∣∣∣∣πq(n,C, ε) − 1Φ(Xt+1)πq(n, ε)
∣∣∣∣ 1Φ(Xt+1)
∑
χ =χo
∣∣∣∣ ∑
deg(P )=n
ψ(P )=ε
χ(P )
∣∣∣∣.
The result follows from Proposition 1. 
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Nq(2m, c) = #{Q ∈ I2m: Q is self-reciprocal and Q i = ci, i = 1, . . . , t}.
Then
∣∣Nq(2m, c) − q−tπq(m,−1)∣∣ t + 5
m
(q − 1)qm2 .
Proof. From Lemma 5 we know that
Nq(2m, c) =
∑
c∈F∗q
πq(m,Cc, ε),
where Cc = 4m/c + ∑ti=1(ci4m−i/c)Xi . For q ≡ 1 (mod 4) or m even, we have ε = −1. For q ≡
3 (mod 4) and m odd, we have ε = 1. In this case, we see that
πq(m,−1) = 1
2m
∑
d|m
d odd
μ(d)q
m
d = 1
2
πq(m).
Since πq(m,1) + πq(m,−1) = πq(m) for m  2, we obtain πq(m,1) = πq(m,−1). Theorem 1 implies
that in every case,
∣∣∣∣πq(m,Cc, ε) − 1Φ(Xt+1)πq(m,−1)
∣∣∣∣ t + 5m qm2 .
It follows that ∣∣∣∣Nq(2m, c) − q − 1Φ(Xt+1)πq(m,−1)
∣∣∣∣ t + 5m (q − 1)qm2 .
The result follows by noting that Φ(Xt+1) = (q − 1)qt . 
Theorem 2 can be combined with well known formulas for πq(m,−1) to obtain estimates for
Nq(2m, c). This is done in the next corollary.
Corollary 1. Let t ∈ N, t  1, c= (c1, . . . , ct) ∈ Ftq . Then∣∣∣∣Nq(2m, c) − qm−t2m
∣∣∣∣ t + 5m qm2 +1.
In particular, if q
m
2 −t−1 > 2t + 10 then there exists a monic self-reciprocal polynomial Q of degree 2m such
that Q i = ci for 1 i  t.
Proof. The following enumeration formulas have been known since the work of Carlitz [2] and have
been proven by different methods in [3,19,20],
πq(m,−1) =
⎧⎨
⎩
1
2m (q
m − 1), ifm = 2s,
1
2m
∑
d|m μ(d)q
m
d , otherwise.d odd
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∣∣∣∣πq(m,−1) − qm2m
∣∣∣∣ q
m
3
m
.
Combining this with Theorem 2, we obtain the stated result. 
5. Conclusion
In this work, we have proved estimates for the number of monic irreducible self-reciprocal poly-
nomials of degree 2m over a ﬁnite ﬁeld of odd characteristic, that have up to m/2− logq(2m)− 1 low
degree coeﬃcients prescribed. Our method is based on that of Carlitz [2]. We should emphasize that
our results apply to ﬁnite ﬁelds of odd characteristic. It would be interesting to extend the results of
the present work to polynomials over F2 or, more generally, over ﬁnite ﬁelds of characteristic two.
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